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Abstract. The difference of the resolvents of two Laplacians on a half-space 
subject to Robin boundary conditions is studied. In general this difference is 
not compact, but it will be shown that it is compact and even belongs to some 
Schatten-von-Neumann class, if the coefficients in the boundary condition are 
sufficiently close to each other in a proper sense. In certain cases the resolvent 
difference is shown to belong even to the same Schatten-von Neumann class as 
it is known for the resolvent difference of two Robin Laplacians on a domain 
with a compact boundary. 



1. Introduction 

Schatten-von Neumann properties for resolvent differences of elliptic operators 
on domains have been studied basically since M. Sh. Birman's famous paper [B], 
which appeared fifty years ago and was followed by important contributions of 
M. Sh. Birman and M. Z. Solomjak as well as of G. Grubb, see [3 [161 [17]; moreover, 
the topic has attracted new interest very recently, see [U [Sj [201 [211 [26]. Recall 
that a compact operator belongs to the Schatten-von Neumann class &p (weak 
Schatten-von Neumann class ©p^oo) of order p > if the sequence of its singular 
values is p-summable (is 0{k~^/P) as k ^ oo); see Section [3] for more details. The 
objective of the present paper is to study the resolvent difference of two (in general 
non-selfadjoint) Robin Laplacians on the half-space M"^^ = {{x' ,Xn+i)'^ x' € 
M",x„+i > 0}, n > 1, of the form 

(1.1) A„/--A/, dom(A„)-{/ei72(M^+i):a^/|K„ 

in L'^{R1+^) with a function a : K" ^ C belonging to the Sobolev space M^i'°°(M"), 
i.e., a is bounded and has bounded partial derivatives of first order; here /Inn is 
the trace of a function / at the boundary M" of M"^^ and S^/Ir" is the trace of the 
normal derivative of / with the normal pointing outwards of M"^^. We emphasize 
that, as a special case, our discussion contains the resolvent difference of the self- 
adjoint operator with a Neumann boundary condition and a Robin Laplacian. If 
the half-space M.'^^ is replaced by a domain with a compact, smooth boundary, it 
is known that for real-valued ai and a2 the operators A^-^^ and Aa^ are selfadjoint 
and the difference of their resolvents 

(1.2) (A„, -A)-i-(A„, -A)-i 

belongs to the class 6f ,oo; see and [H [H], where also more general elliptic 
differential expressions and certain non-selfadjoint cases are discussed. 
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On the half-space R"^^ the situation is fundamentahy different. Here, in general, 
the resolvent difference ()f .21) is not even compact. For instance, if ai ^ ck2 are real, 
positive constants, the essential spectra of Aa-^ and are given by [— Q!^,oo) 
and [— a2,oo), respectively. Consequently, in this case the difference (If .2p cannot 
be compact. Nevertheless, the main results of the present paper show that under 
the assumption of a certain decay of the difference 012(2;) — ai{x) for — 00, 
compactness of the resolvent difference in (|f .2|) can be guaranteed, and that this 
difference belongs to 6p or 6p.oo for certain p, if 02 — ai has a compact support 
or belongs to for some q. It is a question of special interest under which 

assumptions on 02 — ci\ the difference (|1.2I) belongs to 6.|._oo, i-e., to the same class 
as in the case of a domain with a compact boundary. Our results show that if 
a2 — ot\ has a compact support this is always true, and that in dimensions n > 3 a 
sufficient condition is 

a2-ai ei"/^(R"). 

If a2 — ai € L^'(R") with p > f and -p > ti/3, we show that the resolvent difference 
in (|I.2I) belongs to the larger class &p 3 ®-g-,oo- In dimensions n — 1,2 for Q!2 — 
ai € i^(R") the difference (|1.2p belongs to the trace class 61. As an immediate 
consequence, for n — 1,2 and real- valued ai, 02 with a2 — ai G i^(M") wave 
operators for the pair {Aa^, Aa2} exist and are complete, which is of importance in 
scattering theory. Two further corollaries of our results concern the case that Aa^ 
is the Neumann operator, i.e., ai = 0: on the one hand, if 02 is real-valued, under 
our assumptions the Neumann operator and the absolutely continuous part of 
are unitarily equivalent, cf. [27]; on the other hand, with the help of recent results 
from perturbation theory for non-selfadjoint operators, see [9j [22], we conclude 
some statements on the accumulation of the (in general non-real) eigenvalues in the 
discrete spectrum of Aa^ ■ 

Our results complement and extend the result by M. Sh. Birman in [6,. He 
considers a realization of a symmetric second-order elliptic differential expression 
on an unbounded domain with combined boundary conditions, a Robin boundary 
condition on a compact part and a Dirichlet boundary condition on the remaining 
non-compact part of the boundary, and showed that the resolvent difference of 
the described realization and the realization with a Dirichlet boundary condition 
on the whole boundary belongs to the class ©.|,oo- It is remarkable that in our 
situation in some cases the singular values converge faster than in the situation 
Birman considers. This phenomenon is already known for domains with compact 
boundaries, when a Neumann boundary condition instead of a Dirichlet boundary 
condition is considered; see [1]. 

It is worth mentioning that all results in this paper on compactness and Schatten- 
von Neumann estimates remain valid for — A replaced by a Schrodinger differential 
expression —A + V with a real-valued, bounded potential V and the proofs are 
completely analogous. 

Our considerations are based on an abstract concept from the extension theory 
of symmetric operators, namely, the notion of quasi-boundary triples, which was 
introduced by J. Behrndt and M. Langer in [2] and has been developed further 
by them together with the first author of the present paper in [5] . The key tool 
provided by the theory of quasi-boundary triples is a convenient factorization of 
the resolvent difference in (|f .2p . For the proof of our main theorem we combine 
this factorization with results on the compactness of the embedding of H^{il.) into 
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L^(r2) for fl being a (possibly unbounded) domain of finite measure and with 6p- 
and ©p.oo-properties of the operator \/\a2 — ai\{I — Ar^)"'^/^; the proof of the 
most optimal (5^,oo-estimate is based on an asymptotic result proved by M. Cwikel 
in [8], conjectured earlier by B. Simon in |28j. 

A short outline of this paper looks as follows. In Section [2] we give an overview 
of some known results on quasi-boundary triples which are used in the further 
analysis and provide a quasi-boundary triple for the Laplacian on the half-space; 
furthermore we prove that for each two coefhcients ai,a2 the operators Aa-^ and 
have joint points in their resolvent sets and that Aa is selfadjoint if and only 
if a is real- valued. In Section |3] we establish sufficient conditions for the resolvent 
difference (|1.2|) to be compact or even to belong to certain Schatten-von Neumann 
classes. The paper concludes with some corollaries of the main results. 

Let us fix some notation. If T is a linear operator from a Hilbert space H into 
a Hilbert space Q we denote by domT, ranT, and kerT its domain, range, and 
kernel, respectively. If T is densely defined, we write T* for the adjoint operator of 
T. If Q and A are linear relations from H to Q, i.e., linear subspaces of "H x C/, we 
define their sum to be 

e + A - {{/, ge + .9a} : {/, 9e) e 6, {/, 5a} e A}. 

We write T G B{'H, tj), if T is a bounded, everywhere defined operator from % into 
Q\ \i Q — Ti, we simply write T e B{Q). For a closed operator T in "H we denote 
by p{T) and cr(T) its resolvent set and spectrum, respectively. Moreover, (Jd{T) 
denotes the discrete spectrum of T, i.e., the set of all eigenvalues of T which are 
isolated in a{T) and have finite algebraic multiplicity, and a^saiT) is the essential 
spectrum of T, which consists of all points A G C such that T — A is not a semi- 
Fredholm operator. Finally, for a bounded, measurable function a : M" — > C we 
denote its norm by ||a||oo — sup^gR^ |q;(x)|. Furthermore, for simplicity we identify 
a with the corresponding multiplication operator in L^(M"). 

2. QUASI-BOUNDARY TRIPLES AND ROBIN LAPLACIANS ON A HALF-SPACE 

In this section we provide some general facts on quasi-boundary triples as intro- 
duced in [2 . Afterwards we apply the theory to the Robin Laplacian in (|l.ip . Let 
us start with the basic definition. 

Definition 2.1. Let A be a closed, densely defined, symmetric operator in a Hilbert 
space (H, (•, We say that {G is a quasi-boundary triple for A*, if 

T C ^* is an operator satisfying T — A* and Fq and Fi are linear mappings 
defined on doniT with values in the Hilbert space (C/, (•, ■)g) such that the following 
conditions are satisfied. 

(i) F :— (p'^) : domT Q x Q has a dense range. 

(ii) The abstract Green identity 

(2.1) (T/, gU - (/, TgU = (Fi/, Vo9)g - {Tof, T,g)g 

holds for all /, g E doniT. 
(ni) Aq-.^T \ kerFo = A* \ kerFo is selfadjoint. 

We set Qi = ranFi, i = 0,1. Note that the definition of a quasi-boundary 
triple as given above is only a special case of the original one given in [2] for the 
adjoint of a closed, symmetric linear relation A. We remark that if {5,Fo,Fi} is 
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a quasi-boundary triple with the additional property = G, then {CJ,ro,ri} is a 
generalized boundary triple in the sense of Let us also mention that a quasi- 
boundary triple for A* exists if and only if the deficiency indices dimker(yl*=pi) of A 
coincide. If {G, Fq, Fi} is a quasi-boundary triple for A* with T as in Definition 12. 11 
then A coincides with T \ kerF. 

The next proposition contains a sufficient condition for a triple {G, Fq, Fi} to be 
a quasi-boundary triple. For a proof see [2, Theorem 2.3]; cf. also [3, Theorem 2.3]. 

Proposition 2.2. Let % and G be Hilbert spaces and let T be a linear operator in 
%. Assume that Fo,Fi: domT — > G are linear mappings such that the following 
conditions are satisfied: 



(b) The identity holds for all f,g (z domT. 

(c) T \ ker Fq contains a selfadjoint operator. 

Then A T \ kerF is a closed, densely defined, symmetric operator in % and 
{^,Fo,Fi} is a quasi-boundary triple for A* . 

Let us recall next the definition of two related analytic objects, the 7-field and 
the Weyl function associated with a quasi-boundary triple. 

Definition 2.3. Let A be a closed, densely defined, symmetric operator in T-L and 
let {fJ,Fo,Fi} be a quasi-boundary triple for A* with T as in Definition 12.11 and 
Aq — T \ kerFo. Then the operator- valued functions 7 and M defined by 



are called the ^ -field and the Weyl function, respectively, corresponding to the 
triple {g,Fo,ri}. 

These definitions coincide with the definitions of the 7-field and the Weyl func- 
tion in the case that {C/,Fo,Fi} is an ordinary boundary triple, see [10]. It is an 
immediate consequence of the decomposition 

(2.2) domr = domAo + kcr(T- A) =kerro + ker(T- A), A € p(^o), 

that the mappings 7(A) and M(A) are well-defined. Note that for each A S p{Aq), 
7(A) maps Go onto ker(T — X) C fi and M(\) maps Go into Gi- Furthermore, it 
follows immediately from the definitions of 7(A) and A/(A) that 



holds for all X e p{Ao). 

In the next proposition we collect some properties of the 7-field and the Weyl 
function; all statements can be found in j2] Proposition 2.6]. 

Proposition 2.4. Let A be a closed, densely defined, symmetric operator in a 
Hilbert space % and let {G,Tq,Ti} be a quasi-boundary triple for A* with "/-field 
7 and Weyl function M. Denote by Aq the restriction of A* to kerFp. Then for 
X € p{Aq) the following assertions hold. 

(i) 7(A) is a bounded, densely defined operator from G into %. 

(ii) The adjoint ofj(X) can be expressed as 




7(A) (Fo \ ker(r - A)) ' and M(A) := Fi7(A), A e p(Ao), 



(2.3) 



7(A)Fo/a = /a and M(A)Fo/a = Fi/a, /Aekcr(T-A), 



7(A)* =Fi(Ao-A)-i eS(H,g). 
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(iii) M(A) is a densely defined, in general unbounded operator in Q , whose range 
is contained in Qi and which satisfies M{X) C M{X)*. 

A quasi-boundary triple provides a parametrization for a class of extensions of 
a closed, densely defined, symmetric operator A. If {G, Fq, Fi} is a quasi-bomidary 
triple for A* with T as in Definition 12.11 and is a linear relation in Q, we denote 
by the restriction of T given by 

(2.4) Aef^Tf, domAe = {f edomT: {llj) ee}. 

In contrast to the case of an ordinary boundary triple, this parametrization does not 
cover all extensions of A which are contained in A* , and selfadjointness of 8 does 
not imply selfadjointness or essential selfadjointness of Aq; cf. 'T, Proposition 4.11] 
for a counterexample and [2, Proposition 2.4]. The following proposition shows that 
under certain conditions p{Aq) is non-empty, and it implies a sufficient condition 
for selfadjointness of Aq. It also provides a formula of Krein type for the resolvent 
difference of and ^o- In the present form the proposition is a special case of 
Theorem 2.8]. 

Proposition 2.5. Let A be a closed, densely defined, symmetric operator in % and 
let {tJ,Fo,Fi} be a quasi-boundary triple for A* with Af^ = A* \ kerFp. Let 7 be 
the corresponding ^ -field and M the corresponding Weyl function. Furthermore, let 
Q be a linear relation in Q and assume that (Q — M(A))^^ G l^iS) satisfied for 
some X e p{Ao). Then X e p{Aq) and 

[Ae - A)-i - {Ao - A)-i = 7(A)(e - M(A))~S(A)* 

holds. 

In order to construct a specific quasi-boundary triple for —A on the half-space 
M""*"""^, n > 1, let us recall some basic facts on traces of functions from Sobolev 
spaces. For proofs and further details see, e.g., [HITnillS]. We denote by 77*(R!|:''"^) 
and i7'*(R") the L^-based Sobolev spaces of order s > on E""*"^ and its boundary 
M", respectively. The closure in i?''(K"'''^) of the space of infinitely-differentiable 
functions with a compact support is denoted by i/Q(R"~''^). The trace map 
C°°{W^) 9 / /|k" e C°°(M") and the trace of the derivative C°"{W^) 3 
f '-^ 9i//|Rn = —g§^\^„ S C°°(M") in the direction of the normal vector field 
pointing outwards of extend by continuity to i/''(M"^^),s > 3/2, such that 

the mapping 

iJ^CM'f+i) 3 f^ ( /^f" ) e i?"-i/2(R") X H'-^^^{R") 

is well-defined and surjective onto i/*'^^/^(M") x i7'*^'^/^(R"). Moreover, this map- 
ping can be extended to the spaces 

H'^{Rl+^) := {/ e H''{Rl+^): Af e ^^(M'^+i)}, s > 0; 

cf . [m [TSl [ini US] . We remark that for s > 2 the latter space coincides with the 
usual Sobolev space iJ*(R"). In contrast to the case s > 2, the mapping 

H'^{Rl+^) 3 f^ ( ) e W-^''^{R'') X H'-^/'^iR''), s e [0,2), 
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is not surjective onto the product H^^^/^{R'^) x iif'*^^/^(M"), but the separate 
mappings 

H^AiK^') 3 / ^ /k" e i?""'/'(M"), s e [0, 2), 

and 

(2.5) Hl{Rl+^) 9 / ^ a,/|R. G i?«-3/2(R"), s € [0, 2), 

are surjective onto iJ'*~^/^(M") and if'*~^/^(R"), respectively. 

Let us introduce the operator realizations of —A in L^(R"^^) given by 

(2.6) Af = -Af, domA = ij2(R'^+i), 
and 

Tf = -A/, domT = H^^{Rl+^), 
and the boundary mappings Tq and Fi defined by 

(2.7) Fo/ = a,/|K., Fi/ = /|k„, /sdomT. 
Furthermore, let us mention that the Neumann operator 

(2.8) An/ = -A/, domA^ = {f eH\Rl+'):d,f\^„=0}, 

is selfadjoint in L^(M!|:'*'^) and its spectrum is given by criA^) ~ [0, oo); see, e.g., [El 
Chapter 9]. We prove now that the mappings Fq and Fi in ()2.7p provide a quasi- 
boundary triple for the operator A* with Aq := A* \ kcrFo = An. 

Proposition 2.6. The operator A in (j2.6p is closed, densely defined, and symmet- 
ric, and the triple {Q,To,Ti} with Q — L'^(M") and Fo,Fi defined in (j2.7p is a 
quasi-boundary triple for A*. Moreover, A* \ kerFo = An holds. For X € p(An) 
the associated ^-field is given by the Poisson operator 

(2.9) 7(A)a./A|K" = /a, fx e ker(r - A), 

and the associated Weyl function is given by the Neumann-to-Dirichlet map 

(2.10) M(A)9,/a|r-. = /aIk", fx e ker(r - A), 
and satisfies M{X) e ^(^^(R")). 

Proof. We verify the conditions (a)-(c) of Proposition !^^ The mapping 
i?2(M"+i) 3 f^ P';f e H^/^{R") X ij3/2(K«) 

is surjective, see above. Since it is a restriction of the mapping F — (p°) , the density 
of i7i/2(R") X ij3/2(R«) in L^{K") x L2(R") yields (a). Condition (b) is just the 
usual second Green identity, 

(-A/,5) - (/,-Ag) = (/!«., a.5k") - (a./k",3k") , 

for f,g € H^J^{Rl+^), which can be found in, e.g., [HI Theorem 5.5]; here the 
inner products in L^(K"^^) and in L^(R") both are denoted by (•, •). In order to 
verify (c) we observe that the operator T \ kerFo is — A on the domain 

{/ e H'f{K+') : d^fW. = O} 

in L^(R"+^), which contains the domain of the selfadjoint Neumann operator An 
in (123). Thus by Proposition [12] {L2(R"), Fq, Fi} is a quasi-boundary triple for 
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A* and the statements on A are true. In particular, T \ kerFo coincides with the 
Neumann operator An- The representations ()2.9p and (|2.10p follow immediately 
from (j2.3p and the definition of the boundary mappings Fq and Fi. It remains to 
show that M{X) is bounded and everywhere defined. Since by Proposition 12.41 (iii) 
M(A) C M{X)* holds for each A G /5(An) and the latter operator is closed, M(A) 
is closable. It follows from domM(A) = ranFo = L^(M"), see (f23|) . that Af(A) is 
even closed and, hence, M(A) G S(L^(]R")) by the closed graph theorem. □ 

For the sake of completeness we remark that the adjoint of A is given by 



but this will not play a role in our further considerations. 

We are now able to provide some information on the operator Aa in 

Theorem 2.7. Let a G W'^'°°{W). Then each A < belongs to p{Aa). 

Moreover, Aa is selfadjoint if and only if a is real-valued. In particular, in this 
case Aa is semibounded from below by — ||a||^. 

Remark 2.8. We emphasize that in certain cases the estimate for the spectrum of 
Aa given in Theorem 12.71 is very rough. For example, if a is a real, nonpositive 
function, the first Green identity implies that Aa is even nonnegative. 

Proof of Theorem Let {L^(]R"), Fq, Fi} be the quasi-boundary triple for A* in 
ProDOsition l2.61 7 the corresponding 7-field, and M the corresponding Weyl func- 
tion. We verify first that with respect to the quasi-boundary triple {i^(]R"), Fq, Fi} 
in Proposition 12.61 the operator Aa admits a representation A^ ~ Aq in the sense 
of dill) with 



In fact, it is obvious from the definitions that Aa C Aq holds, and it remains to 
show domAe C Let / G dom^e C doniT and ry G piA^). By (1^ 

there exist /n G doniAN and G ker(r— 77) with / = /n + Zt;- Clearly, /n belongs 
to H"^ {W]^^) . Moreover, / satisfies the boundary condition 



in particular, ranFi = _ff^(]R") and the regularity assumption on a imply Fq/,; G 
Since the mapping / i— >■ duf\m.^ provides a bijection between 
H\Wl+^) n ker(T - r;) and H^I'^{W), see, e.g., [H Section 3], it follows /„ G 
i/2(R'|+i). This shows / G and, hence, Aq = Aa. 

Let A < — ||a||^ be fixed. Then A G p(An) holds and by Proposition [23] in order 
to verify A G p{Aa) it is sufficient to show G p(8 — Af (A)). Note first that O is 
injective; hence we can write 



where the equality has first to be understood in the sense of linear relations. Since 
= a G 6(L2(M")), we only need to show that / - M{X)Q-^ has a bounded, 
everywhere defined inverse. In fact, the Neumann-to-Dirichlet map is given by 



A*f = -A/, domA* = {/ G L\Wl+^) : A/ G L\WI+^)) , 



(2.11) 




aTif = Tof = Fo/,,; 



(2.12) 




M(A) = (-Ar, 



A)'^/^ 
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where Ar-. denotes the Laplacian in L^(M"), defined on iJ^(R"); of., e.g., [T9l 
Chapter 9]. In particular, ||Af(A)|| = holds. This implies ||Af(A)e~i|| < 1. 

Now (|2.12l) yields that {Q — M(A))"^ is a bounded operator, which is everywhere 
defined. This implies A S p{Aa)- 

It follows immediately from the Green identity that Aa is symmetric if and only 
if a is real- valued. In this case is even selfadjoint as p{Aa) H M is nonempty. 
Since we have shown that each A < — belongs to p{Aa), the statement on the 
semiboundedness of Aa follows immediately. This completes the proof. □ 

3. Compactness and Schatten-von Neumann estimates for resolvent 

DIFFERENCES OF ROBIN LAPLACIANS 

The present section is devoted to our main results on compactness and Schatten- 
von Neumann properties of the resolvent difference 

(3.1) -A)-i-(A„, -A)-i 

of two Robin Laplacians as in (|l.ip with boundary coefScients ai and a2 in depen- 
dence of the asymptotic behavior of a2 — ai. Let us shortly recall the definition of 
the Schatten-von Neumann classes and some of their basic properties. For more de- 
tails see [m Chapter II and III] and [29]. Let &oo{G,y.) denote the linear space of 
all compact linear operators mapping the Hilbert space Q into the Hilbert space H. 
Usually the spaces G and H are clear from the context and we simply write ©oo- For 
K £ we denote by Sk{K), k = 1,2,..., the singular values (or s-numbers) of if, 
i.e., the eigenvalues of the compact, selfadjoint, nonnegative operator (K*Ky/'^, 
enumerated in decreasing order and counted according to their multiplicities. Note 
that for a selfadjoint, nonnegative operator K e ©oo the singular values are pre- 
cisely the eigenvalues of K. 

Definition 3.1. An operator K S ©oo is said to belong to the Schatten-von Neu- 
mann class &p of order p > 0, if its singular values satisfy 

oo 

fc=l 

An operator K is said to belong to the weak Schatten-von Neumann class ©p,oo of 
order p > 0, if 

Sfc(if) = 0(fc-i/f), k-^oo, 

holds. 

Some well-known properties of the Schatten-von Neumann classes are collected 
in the following lemma; for proofs see the above-mentioned references and [5l 
Lemma 2.3]. 

Lemma 3.2. For p,q,r > the following assertions hold. 

(i) Le< i + i i. If K e &p and L e &q, then KL £ 6r; if K £ ©p^oo and 
L £ ©5,oo, then KL £ ©r,oo; 

(ii) K £Gp <^ K* £ &.p and K £ 6p,oo K* £ Gp.ooi 

(iii) ©p C ©p,oo and ©p^oo C 6q for all q > p, but ©p.oo ^ @p- 
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Let US now come to the investigation of compactness and Schatten-von Neumann 
properties of p.ip . The condition 

(3.2) e R" : |a(a;)| > £» < oo for all e > 

for a = a2 ~ ai turns out to be sufficient for the compactness of the resolvent 
difference (|3.1|) . see Theorem 13.61 below: here /i denotes the Lebesgue measure on 
M". We remark that the condition p.2[) includes, e.g., the case that a belongs to 
L'^(R") for some q > I, and the case that sup|2.|>^ |q^(2^)I — > as r oo. 

The following lemma contains the main ingredients of the proof of Theorem 13.61 
and Theorem 13 . 71 below . 

Lemma 3.3. Let K. be a Hilbert space and let K e B(/C, he an operator 

with ran if C H^''^{W). Assume a G 

(i) IJ a satisfies the condition (|3.2p . then aK e ©oo- 

(ii) If a has a compact support or if n > 3 and a £ L^"/'^(R"), then 

Ifae L'^{W) and n > 3, then 

2n 

aK e 6r for all r > — . 

Ifae iP(R") forp>2 and p> then 

aK e 6p. 

Proof. Assume first that a satisfies p.2p . Then there exists a sequence ili C C 
... of smooth domains of finite measure whose union is all of E" such that for 
each TO e N we have < ^ for all x € R" \ ri„j. For each to € N let Xm 

be the characteristic function of the set fl^. Denote by Pm the canonical projec- 
tion from L^(R") to L^(rim) and by J,n the canonical embedding of L^{i^rn) into 
L2(R"). Then ran (P„Xm^) C H^^^{n^) C H^{n^) and, by embedding state- 
ments, PmXrnK : JC — L'^(fim) IS compact; see 12, Theorem 3.4 and Theorem 4.11] 
and [131 Chapter V]. Since aJm is bounded, it turns out that aXmK — aJ„iPmXmK 
is compact. From the assumption (13. 2p on a it follows easily that the sequence of 
operators aXmK converges to aK in the operator-norm topology. Thus also aK 
is compact, which is the assertion of item (i). 

Let us assume that a has a compact support and that C R" is a bounded, 
smooth domain with 51 D suppa. Let P be the canonical projection in L^(R") 
onto L^(ri) and let J be the canonical embedding of L^(ll) into L^(R"), and let 
a := a|n. Since ran (PK) C H^/'^{n) and n is a bounded, smooth domain, the 
embedding operator from into L^{Q) is contained in the class &2n 

see [531 Theorem 7.8]. It follows PK G oo ^ mapping from K, into L^{fl). 

Since Ja is bounded, we obtain aK — JaPK € Sin ^. 

3 '■-^ 

The proofs of the remaining statements make use of spectral estimates for the 
operator aD in L'^(R") with 

(3.3) D = {I- A^.)-^/^ = 5(-zV), g{x) ^ {1 + \x\^)-^/\ x e R", 

where the formal notation g{—i\/) can be made precise with the help of the Fourier 
transformation. We remark that D, regarded as an operator from L^(R") into 
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i/'^/^(R"), is an isometric isomorphism. RecaU that a function / is said to belong 
to the weak Lebesgue space L^''°°(R") for some p > 0, if the condition 

sup {tP^l{{x e K" : |/(a;)| > t})) < oo 
t>o 

is satisfied, where fi denotes the Lebesgue measure on M". The function g in p.3p 
belongs to L^"/^'°°(E"). In fact, one easily verifies that the set {x e M" : \g{x)\ > t} 
is contained in the ball of radius centered at the origin, and the formula for 

the volume of a ball leads to the claim. Let now n > 3 and a S L^"/'^(]R"). Then 
a result by M. Cwikel in [5] yields 

aD e 6^_^; 
see also Theorem 4.2]. We conclude 

aK = aDD^^K e ©^,oo- 

Thus we have proved (ii). 

In order to show (iii) let us assume a S i^(R") and n > 3. Since a is bounded, 
a e LP(R") for each p > 2. It is easy to check that g in dSS]) belongs to LP(R") 
for each p > 2n/3. The standard result Theorem 4.1] and a,g € L''(M") for ah 
r > 2n/3 > 2 imply 

2n 

aD e ©r, for all r > — . 

O 

It follows 

2n 

aK = aDD-^K e ©,., for all r > — , 

3 

which is the assertion of (iii). 

Let now a G LP(R") for p > 2 and p > 2n/3. As above, g e LP(R.") and [29} 
Theorem 4.1] yields aD e &p. Hence, aK = aDD^^K E &p, which completes the 
proof of (iv). □ 

Remark 3.4. The condition in Lemma [373l f i') can still be slightly weakened using the 
optimal prerequisites on a domain fl which imply compactness of the embedding 
of H^{n) into i^(ri); see, e.g., [131 Chapter VIII]. To avoid too inconvenient and 
technical assumptions, we restrict ourselves to the above condition. 

We continue with giving a factorization of the resolvent difference of two Robin 
Laplacians. It is based on the formula of Krein type in Proposition 12.51 and will 
be crucial for the proofs of our main results. We remark that an analogous for- 
mula as below is well known for ordinary boundary triples and abstract boundary 
conditions, see [101 Proof of Theorem 2]. 

Lemma 3.5. Let a\^ai e Vl^^'°°(M") and let A^^^Aa^ be the corresponding Robin 
Laplacians as in p.ip . Then 

= 7(A) (/ - a^MiX))-^ {a2 - a^) {I - M{X)a2r' 7(A)* 

holds for each X < — max{||ai||^, ||a2||^}, where 7(A) is the Poisson operator 
in (|2.9[) and M{X) is the Neumann-to-Dirichlet map in \2.\Q\ . 
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Proof. Let A be given as in ()2.6p and let {L^(M"), Fq, Fi} be the quasi-boundary 
triple for A* in Proposition [221 so that 7 is the corresponding 7-field and M is the 
corresponding Weyl function. Let us fix A as in the proposition. Then A belongs 
to p{Aai) n p{Aa2) by Theorem 12.71 Moreover, if Qi and 62 denote the linear 
relations corresponding to ai and a2, respectively, as in (j2.1ip . then we have 

(e2-M(A))"'- (ei-Af(A))"' 

= a2{l - M{X)a2Y^ -{I - aiM(A))"^ai 

= (/ - aiAf (A))"^((/ - aiM{\))a2 - ai{l - M(A)a2)) (/ - Af (A)a2)"\ 

which, together with Proposition 12.51 completes the proof. □ 

The following two theorems contain the main results of the present paper. Since 
their proofs have similar structures, we give a joint proof below. The first of the two 
main theorems states that under the condition p.2p on a = a2 — ai the resolvent 
difference (|3.1|) is compact. 

Theorem 3.6. Let 0L\,ct2 G VF^'°°(M"),, let A^^, A^.^ he the corresponding opera- 
tors as in (jl.ip . and let a :— a2 — cti satisfy p.2p . Then 

-A)-i-(A„, -A)-ie6oo 

holds for each A € p{Aa^) n p{Aa2), and, in particular, crcss(^ai) — o'css(^a2)- 

As mentioned before, the condition p.2p covers the case that a belongs to L^'(R") 
for an arbitrary p > 0. For certain p, ii a G L^'(R"), the result of Theorem 13.61 can 
be improved as follows. 

Theorem 3.7. Let a\,ct2 G VF^'°°(M"), let A^^, A^^ he the corresponding opera- 
tors as in (jl.ll) . and let a := 02 — ai- Then for A G p{Aa-^) D /^(Aq,^) the following 
assertions hold. 

(i) // a has a compact support or if n>3 andae L"/3(R"), then 

(ii) Ifae L\W") and n>3, then 

{Aa^ - X)-^ - {Ac, - A)"i e 6,. for all r > 

(iii) Ifae LP{W') forp>l and p > n/3, then 

{A^, - \)-^ - {Ac., - \)-^ e ep. 

Proof of Theorem ] 3. 6\ and Theorem \3.7\ Let us fix A < — max{||ai||^, ||a2||^}. 
We first observe that 

(3.4) ran ((/ - Af(A)a2)"S(A)*) C H^'/^iW'). 

Note first that dom74N C if^(K"+^) and Proposition [Ol (u) imply ran7(A)* C 
ff3/2(K»). Thus, for If e ran(/ - Af(A)a2)"^7(A)* we have (/? - M{X)a2'P € 
H^/'^lw), and ranAf(A) C implies ip G Since a2(p belongs to 

H^{M.'^), M{\)a2^p automatically belongs to this can be seen as in the 

proof of Theorem 12.71 see also [HI Section 3]. This proves p.4p . Analogously also 

(3.5) ran ((/ - M{\)al)-Y{\y) C H^'^{W) 
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holds. The factorization given in Lemma 13.51 can be written as 




If a satisfies p.2p . then the same holds for a replaced by Now (13. 4p and 

Lemma 13.31 (i) imply 



Since 7(A) (/ - aiM(A)) ^ e ^(^^(K"))^ the assertion of Theorem EH fol- 

lows from (|3.6|) . 



If a has a compact support or if n > 3 and a belongs to L"/'^(M"), then \/]a\ 

has a compact support or belongs to L^"/'^(IR"), respectively; thus p.4p and p.Sp 
together with Lemma 13.31 (ii) imply 

- A/(A)a2)-i7(A)* e 64|.,oo and v^(/ - M(A)ar)-^(A)* G 6a.,^. 

Taking the adjoint of the latter operator, Lemma p.2p (i) and (ii) and p.6p 
yield Theorem 13.71 (i). 

The proofs of Theorem 13.71 (ii) and (iii) are completely analogous; one uses 
Lemma 13.31 fiii) and (iv), respectively, instead of item (ii). □ 

As an immediate consequence of Theorem 13.71 we obtain the following result 
concerning scattering theory. Note that in the case n < 3 and a2 — cti G L^(R") 
Theorem 13.71 (iii) implies that the difference (|3.ip is contained in the trace class 
©1. Now basic statements from scattering theory yield the following corollary, see, 
e.g., [H Theorem X.4.12]. 

Corollary 3.8. Let n < 3 and let ai,a2 € W^'°°{M.") be real-valued with 02 — 0:1 € 
i^(M"). Then wave operators for the pair of selfadjoint operators {Aa^, Aa^} exist 
and are complete. Moreover, the absolutely continuous spectra of A^-^ and A^^ 
coincide and their absolutely continuous parts are unitarily equivalent. 

We would like to put some emphasis on the important special case ai — 0, 
in which Aa^ is the selfadjoint Neumann operator An in p.Sp . In this situation 
Theorem 13.61 and Theorem 13. 71 read as follows. Recall that the spectrum of Ajq has 
the simple structure a{Aj<s) ~ (Tcss(An) = [0, 00). 

Corollary 3.9. Let a e W^i^°°(M") satisfy and let A^ be the operator in ([rT|) . 
Then 



holds for each A G p{Aaj^) D p{Aa2), and, in particular, acss{Aa) — [0,oo). 

Corollary 3.10. Let a e VFi'°°(R") and let A^ he the operator in (HH]). Then for 
A G p{Aa) n /o(An) the following assertions hold. 





(A„-A)-i- (An- A)-i e 6 



00 



(i) // a has a compact support or if n > 3 and a £ 



L"/3(M"), then 



(A„-A)-i-(AN-A)-ie6j 
(ii) Lfae L\W") and n>3, then 
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(iii) Ifae iP(M") forp>l and p > n/3, then 

(A„-A)-i-(AN-A)-ie6p. 

As a consequence of Corollary 13.91 applying |27l Proposition 5.11 (v) and (vii)] 
we obtain the following statement on the absolutely continuous part of Aa , if a is 
real-valued. 

Corollary 3.11. Let a € M^^'°°(M") be real-valued satisfying (|3.2|) and let Aa be 
the self adjoint operator in (|1.1|) . Then An and the absolutely continuous part of 
Aa are unitarily equivalent. 

We conclude our paper with an observation connected with the speed of accu- 
mulation of the discrete spectrum of the operator Aa , where a is a complex- valued 
function subject to the condition p.2|) . As CoroUarv 13.91 shows, the essential spec- 
trum of Aa in this case is given by [0,oo) and, additionally, discrete, (in general) 
non-real eigenvalues may appear. The following statement combines our main re- 
sult with some recent advances in the theory of non-selfadjoint perturbations of 
selfadjoint operators; it is based on [22l Theorem 2.1]. 

Corollary 3.12. Let a e M^i'°°(R") and let Aa be the operator in (HH]). Then for 
all a > ||q!||^ the following assertions hold. 

(i) Ifa£ iP(R") forp>l and p > n/3, then 

J2 dist{{X + a)-\[0,a~^]Y <oo. 

(ii) Ifn>3andae then 

Hi 

dist{{X + ay\[0,a-^])3 <oo for all e > 0. 

Aecrd(A„) 

Above the eigenvalues in the discrete spectrum are counted according to their alge- 
braic multiplicities, and dist(-, •) denotes the usual distance in the complex plane. 

For the proof recall that the numerical range of a bounded operator A in a 
Hilbert space H is defined as 

Num(A) := {{Af, f)n- f e H, \\f\\n = 1} • 

Proof. Let us assume first a E iP(M") for some p > 1 with p > n/3. Clearly 
—a e p{A^) and by Theorem 12 . 71 also —a G p{Aa). In view of the assumptions on 
a it follows from Corollary 13.101 (iii) that 

(3.7) [a + Aa)'^ - (a + At^)-^ e 6p. 

The operator (a + An)^^ is bounded and selfadjoint and it has a purely essential 
spectrum given by [0,a^^]. Since 

Num((a-H An)-i) = cr {(a + An)"^) = [O, a'^] 

and, trivially, 

X€ad{Aa) (A + a)-i e crd((a + Aa)"^), 

the claim of (i) follows from [22, Theorem 2.1]. 

The proof of (ii) uses Corollary 13.101 (i) and (ii) instead of item (iii) and is 
completely analogous. □ 
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